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ANALYTICAL SOLUTION FOR THERMAL

CONVECTION IN A LAYER OF LIQUID CRYSTAL

WITH FREE SURFACE

M. Yu. Zhukov�

University of Hull, UK and Rostov State University, Russia

V. A. Vladimirov

University of Hull, UK

An Oberbeck-Bussinesq type model for convection in isothermically incom-

pressible liquid crystals (nematics and cholesterics) is proposed. For its deri-

vation, the nonequilibrium thermodynamics and asymptotic methods are

employed. The model is based on the Leslie-Ericksen-Parodi (LEP) continuum

theory [1–4] taken with some minor modifications. The problem of the thermal

gravity convection in a plane horizontal layer with ‘free undeformable’ bound-

ary and under the action of external magnetic or electric field is considered.

Solution of this problem is obtained and presented in an explicit analytical

form. Existence of the explicit analytical solution is very useful, since it allows

us to investigate the influence of various parameters (Leslie coefficients, Frank

moduli, anisotropic thermo-diffusivity, etc.) at the onset of convection.

Keywords: analytical solution; cholesterics; nematics; thermal convection

Similar problems have been treated numerically (see e.g. [5–8]) for pro-
blems with non-slip boundary conditions. The results have been compared
with experiments (see e.g. [9,10]). However it is very difficult to analyze
the dependence of the numerical solution and critical values of parameters
when more than ten physical parameters (coefficients) are involved. The
‘undeformable free’ boundary condition considered in this paper may look
rather artificial, however in hydrodynamic convection theory they play
important role as they provide the ‘test’ solutions (see e.g. [12] for the
Rayleigh-Benard problem). It is known, that in the Rayleigh-Benard
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problem the qualitative dependence of neutral curves and critical values on
the physical parameters for solid and ‘free undeformable’ boundaries are
similar while the critical Rayleigh number for solid boundary is approxi-
mately three times higher.

1. BASIC EQUATIONS

The Oberbeck-Boussinesq type model of the thermogravitational convec-
tion for incompressible liquid crystal (LC) in dimensionless variables has
the form [11] (the term ‘incompressible’ means that the density of the
medium depends only on the temperature):

div v ¼ 0;
d

dt
¼ @

@t
þ v � r; n � n ¼ 1 ð1Þ

dv

dt
¼ �rpþr �Pþ 1

2
curlðn� ðhþGÞÞ � h� curl n� ðh � rÞnþ Tk;

c1ð
dn

dt
� X� nÞ � c2n� ðn� ðD � nÞÞ þ k1rT � n ¼ hþG;

dT

dt
þ div �d1rT � d2ðnðn � rTÞ � rTÞ þ f1N� nþ 2f2n� ðD � nÞf g ¼ 0;

P ¼a4Dþ a1ðn �D � nÞn� nþ 1

2
ða2 þ a3ÞðN� nþ n�NÞ

þ 1

2
ða5 þ a6Þðn� ðD � nÞ þ ðD � nÞ � nÞ

þ k2ðn� ðn�rTÞ þ ðn�rTÞ � nÞ;

h ¼ ðn� ðK1h
s þ K2h

t þ K3h
b þ K0h

bÞÞ � n;

hb ¼ curlðn� ðn� curl nÞÞ þ ðn� curl nÞ � curl n; hb ¼ �2curl n;

ht ¼ �curlðnðn � curl nÞÞ � ðn � curl nÞcurl n; hs ¼ rdiv n;

N ¼ dn

dt
� X� n; X ¼ 1

2
curl v; D ¼ 1

2
fðrvÞ þ ðrvÞ�g:

Here, v is the velocity, p is the pressure, T is the temperature difference,
n is the director, P is the symmetric part of stress tensor, related to the
motion of the medium, k is the unit vector along the vertical x3 axis in
the direction opposite to the gravity force, h is the molecular field, D is
the rate of strain tensor, a1, . . . , a6 are scalar Leslie coefficients, c1; c2
are scalar rotational viscosity coefficients, d1; d2 are scalar thermodiffusiv-
ity coefficients, K1;K2;K3; are scalar Frank moduli, k1; k2 are pseudoscalar
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coefficients, which characterize the influence of temperature gradients on
the director field and stress tensor, f1; f2 are pseudoscalar coefficients,
which characterize the influence of fluid and director motion on the heat
flux, K0 is the pseudoscalar coefficient, which defines the pitch of spiral
structures in cholesterics (K0 ¼ 2pK2=p0; where p0 is the pitch), G is
the external torque. The torque G for the magnetic and electric fields is
given as

G ¼ vaðn �HÞðH� nðn �HÞÞ þ eaðn � EÞðE� nðn � EÞÞ; ð2Þ

where va; ea are the magnetic anisotropy and the dielectric anisotropy
(other terms in use are the magnetic susceptibility and the electric suscep-
tibility). We have assumed that there are no electrical charges in the
medium. We have also assumed that the specific volume of the medium
is represented by a linear function of temperature: VðTÞ ¼ V0ð1þ bTÞ;
where V ¼ 1=q is the specific volume, q is the density, b is the heat expan-
sion coefficient. Equation (1) have been obtained via a rigorous limit
procedure when b ! 0; under the usual assumption that the gravity force
has the order of magnitude of Oð1=bÞ. Those equations will be applicable at
least far from the temperature phase transition points.

Let us notice some features of the system (1), (2). We introduced the
‘normalized’ molecular field h, and torque G which satisfy the conditions
h � n ¼ 0;G � n ¼ 0. They reflect the fact that the molecular field and the ex-
ternal torque can only rotate the director without changing its length. The
director equation is transformed with the use of conditions h � n ¼ 0;
G � n ¼ 0 and is automatically in agreement with the equality n � n ¼ 1.
The ‘normalized’ form also makes easier general mathematical investiga-
tions. We have regrouped terms in the stress tensor: the terms related to
the nondissipative effects (corresponding to the elastic deformation of the
continuum) are presented explicitly. Notice, that the presence of pseudos-
calar coefficients is typical for cholesterics and allows one to explain the
Lehmann effect. In the case of nematics pseudoscalar coefficients should
be omitted:

K0 ¼ 0; k1 ¼ 0; f1 ¼ 0; k2 ¼ 0; f2 ¼ 0: ð3Þ

2. FORMULATION OF PROBLEM

Consider the problem of thermal convection for nematics LC in a plane
horizontal layer ð�1 < x1;x2 < þ1; 0 � x3 � 1Þ. The boundary con-
ditions take the form:

njx3¼0;1 ¼ k; Tjx3¼0T
0; Tjx3¼1 ¼ T1; v3jx3¼0;1 ¼ 0; ri3jx3¼0;1 ¼ 0; ð4Þ

Analytical Solution for Thermal Convection in a Layer 281=[2417]
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where T0;T1 are given constants, ri3; ði ¼ 1; 2Þ are tangent components of
the stress tensor at the boundaries. The expression for the stress tensor is:

rik ¼� pdik þPik þ
1

2
fniðhk þ GkÞ � ðhi þ GiÞnkg

� fK0nseskm@inm þ K1@inkdiv nþ K2ð@knm � @mnkÞ@inm

þ ðK3 � K2Þnsnk@snm@inmg

Accepted conditions mean that the temperature on each boundary is main-
tained constant; the director field is normal to the layer surfaces (homeo-
tropic orientation) and cannot be changed. The last two conditions (4)
correspond to the classical ‘undeformed free’ boundary. We also suppose
that external electric field is perpendicular to the layer (E ¼ E0k). The
magnetic field is omitted for the sake of simplicity and can be recovered
easily. There is an equilibrium solution of the problem (1)–(4):

v0 ¼ 0; n0 ¼ k; T0 ¼ ax3 þ b; p0 ¼ p0ðx3Þ; T0
0 ¼ a ¼ T1 � T0; b ¼ T0:

ð5Þ

3. LINEARIZED STABILITY PROBLEM

We look for a solution of the problem (1)–(4) in the form

v ¼ v0 þ dv ¼ dv; n ¼ n0 þ dn; T ¼ T0 þ dT; p ¼ p0 þ dp:

where dv; dn; dT; dp are linear perturbations of the equilibrium.
The basic equations, linearized at the solution (5) after taking into

account the relation k � dn ¼ 0 can be written as:

�@tDdv3 ¼� 1

2
a4D

2dv3 � a1D0@3
2dv3 �

1

4
ða5 þ a6ÞD2dv3

þ 1

2
ða2 þ a3Þð@32 � D0Þ @tdiv dnþ

1

2
Ddv3

� �

� 1

2
D ðK3@3

2 þ K1D0 � eaE0
2Þdiv dn

� �
� D0dT:

ð6Þ

c1 @tdiv dnþ
1

2
Ddv3

� �
þ 1

2
c2ðD0 � @3

2Þdv3

¼ ðK1D0 þ K3@3
2 � eaE0

2Þ div dn;

ð7Þ

@tdT þ T0
0dv3 ¼ ðd1 � d2ÞDdT þ d2ðT0

0div dnþ @3
2dTÞ; ð8Þ

282=[2418] M. Yu. Zhukov and V. A. Vladimirov
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2@tdX3 ¼ a4DdX3 þ
1

2
ða2 þ a3Þ@3ð@tcurl3dn� @3dX3Þ

þ 1

2
ða5 þ a6Þ@32dX3 �

1

2
@3fðK3@3

2 þ K2D0 � eaE0
2Þcurl3dng ð9Þ

c1@tcurl3dn� ðc1 � c2Þ@3dX3 ¼ ðK3@3
2 þ K2D0 � eaE0

2Þ curl3 dn; ð10Þ

where D0 ¼ @1
2 þ @2

2 is the two dimensional Laplace operator, 2dX3 ¼
curl3 dv; curl3 dn ¼ K � curl dn; @i ¼ @=@xi; @t ¼ @=@t etc. Notice, that
this system of equations can be represented as two subsystems: the first
one (6)–(8) for unknown functions dv3; div dn; dT, and the second one
(9), (10) describing dX3; curl3dn. Boundary conditions for equations
(6)–(8) at x3 ¼ 0;x3 ¼ 1 are the following:

dv3 ¼ 0; @3
2dv3 ¼ 0; div dn ¼ 0; dT ¼ 0: ð11Þ

Boundary conditions for (9), (10) at the same boundaries x3 ¼ 0;x3 ¼ 1
are:

curl3dn ¼ 0; @3dX3 ¼ 0 ð12Þ

4. NORMAL MODES

We look for solutions of (6)–(12) being periodic in horizontal coordinates
with values of periods 2p=k1; 2p=k2. This kind of representation in hydro-
dynamic stability is called ‘normal modes’

fdv; dn; dTg ¼ fdvðx3Þ; dnðx3Þ; dTðx3Þg exp½ktþ iðk1x1 þ k2x2Þ� ð13Þ

where k1; k2 are the components of the wave vector, k is the time in-
crement, and dvðx3Þ; dnðx3Þ; dTðx3Þ are the amplitudes of perturbations.

After substitution of (13) into (6)–(12), one can derive the boundary
value problem for correspondent system of ODEs. A solution of that system
automatically satisfying the boundary conditions (11), (12) is

fdv3; div dn; dT; @3X3; curl3dng ¼fw; g;H; v; ng sinðmpx3Þ
� exp½ktþ iðk1x1 þ k2x2Þ�

where m is an integer and w; H; g; n; v are some constants. In order to
find those constants one can derive a system of algebraic equations, which
follows from (6)–(10) after formal substitutions:

@3
2 ! �m2p2; @t ! k; D0 ! �k2; D ! �ðk2 þm2p2Þ; k2 ¼ k1

2 þ k2
2;

dv3 ! w; div dn ! g; curl3dn ! n; dX3 ! v; dT ! H:

Analytical Solution for Thermal Convection in a Layer 283=[2419]
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These substitutions give two systems of linear equations:

M11wþM12gþM13H ¼ 0;

M21wþM22gþM23H ¼ 0;

M31wþM32gþM33H ¼ 0:

ð14Þ

A11vþ A12n ¼ 0; A21vþ A22n ¼ 0: ð15Þ

Matrix Mik, can be written as

M11 ¼ �kðm2p2 þ k2Þ þm11; M12 ¼
1

2
ða2 þ a3Þð�m2p2 þ k2Þkþm12;

M13 ¼ k2; M21 ¼ m21; M22 ¼ c1kþm22; M23 ¼ 0;

M31 ¼ �T0
0; M32 ¼ d2T

0
0; M33 ¼ �kþm33;

where

m11 ¼
1

4
ða2 þ a3Þðm4p4 � k4Þ

� 1

2
a4 þ

1

4
ða5 þ a6Þ

� �
ðm2p2 þ k2Þ2 � a1k

2m2p2;

m22 ¼ K3m
2p2 þ K1k

2 þ eaE0
2; m33 ¼ �d1ðm2p2 þ k2Þ þ d2k

2;

m21 ¼ � 1

2
c1ðm2p2 þ k2Þ þ 1

2
ð�k2 þm2p2Þ;

m21 ¼ � 1

2
ðm2p2 þ k2ÞðK3m

2p2 þ K1k
2 þ eaE0

2Þ:

Matrix Aik is given as:

A11 ¼ c1kþ ðK3m
2p2 þ K2k

2 þ eaE
2
0Þ; A12 ¼ c2 � c1;

A21 ¼ � 1

2
ða2 þ a3Þm2p2k� 1

2
m2p2ðK3m

2p2 þ K2k
2 þ eaE

2
0Þ;

A22 ¼ �a4ðm2p2 þ k2Þ � 2k� 1

2
ða5 þ a6 � a2 � a3Þm2p2:

5. SPECTRAL PROBLEM

Dependence of the exponent k on the parameters can be obtained after
evaluation of the determinants for (14), (15). Recall that Re k < 0 corre-
sponds to stable solutions, the case Re k ¼ 0, Im k 6¼ 0 describes to
oscillatory instability, and Re k > 0 gives monotonically unstable solutions.
In order to investigate the sign of k, one should use the inequalities

284=[2420] M. Yu. Zhukov and V. A. Vladimirov
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K1 � 0; K2 � 0; K3 � 0 and constraints for kinetic coefficients

c1 � 0; a4 � 0; ð2a1 þ 3a4 þ 2a5 þ 2a6Þ � 0; ð2a4 þ a5 þ a6Þ � 0;

4c1ð2a4 þ a3 þ a6Þ � ða2 þ a3 þ c2Þ2; d1 � 0; ðd1 � d2Þ � 0

which follow from the fundamental fact that the entropy source must be
non-negative. One can show, that (in the case c1 > 0, ea� 0), nontrivial
solutions of (15) can exist only when Re k < 0. It means that nontrivial
solutions of the problem (9), (10), (12), are always stable and rapidly
decaying. In that case unstable solutions of the full system can exist only
in the case of the trivial solution of the problem (9), (10), (12), i.e. when
curl3dn ¼ 0, curl3dv ¼ 0. In other words, for investigations of instability (at
least when ea � 0) it is sufficient to solve only problem (14).

In the next two sections we present and analyse the neutral curves for
monotonic and oscillatory instabilities. Particular values of physical para-
meters are taken for the MBBA. Unfortunately there are still at least two
different sets of parameters for MBBA in literature (see Table I). The first
column of the Table I corresponds to the data from [5,13–15] (we denote it
as MBBA(1)), the second one presents the data of [16–19] (called
MBBA(2)). One can see that although in average those sets are rather close
to each other, there are significant differences in values of such parameters
as K1; K2; K3; a1; a5. All neutral curves presented below correspond to
the special case of zero electric field. It is very surprising that calculations
show that critical parameters for the onset of convection are the same,
despite of the fact that neutral curves are different.

TABLE I Physical Parameters of MBBA

MBBA (1) MBBA (2)

q, kg �m�3 1:022 � 103 1:022 � 103
b, K�1 1:000 � 10�3 1:000 � 10�3

K1 � q�1, m4 � s�2 5:30 � 10�15 6:66 � 10�15

K2 � q�1, m4 � s�2 2:20 � 10�15 4:20 � 10�15

K3 � q�1, m4 � s�2 7:45 � 10�15 8:61 � 10�15

a1 � q�1, m2 � s�1 6:5 � 10�6 �18:1 � 10�6

a2 � q�1, m2 � s�1 �77:5 � 10�6 �110:4 � 10�6

a3 � q�1, m2 � s�1 �1:2 � 10�6 �1:1 � 10�6

a4 � q�1, m2 � s�1 83:2 � 10�6 82:6 � 10�6

a5 � q�1, m2 � s�1 46:3 � 10�6 77:9 � 10�6

a6 � q�1, m2 � s�1 �34:4 � 10�6 �33:6 � 10�6

c1, m
2 � s�1 76:3 � 10�7 109:3 � 10�7

c2, m
2 � s�1 �78:7 � 10�7 �111:5 � 10�7

d1, m2 � s�1 1:54 � 10�7 1:54 � 10�7

d2, m2 � s�1 0:61 � 10�7 0:61 � 10�7

Analytical Solution for Thermal Convection in a Layer 285=[2421]
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6. MONOTONIC INSTABILITY

Dependence of critical temperature gradient T0
0 for monotonic instability

on the parameters of the problem can be obtained via evaluation of deter-
minant for (14) at k ¼ 0.

Usually, in convection theory, the Rayleigh number (not the temperature
gradient) is in use. Let us introduce the following Rayleigh number (see
e.g.[10])

Ra ¼ 2bT0
0

a4d1
; gradTdim ¼ a�4d

�
1

2b�g�L3
�
Ra; ð16Þ

where b; a4; d1; b�; a�4; d�1 are the dimensionless and dimensional
coefficients of heat expansion, viscosity and thermodiffusivity; g�; L�;
grad Tdim are the dimensional value of the gravity acceleration, layer thick-
ness, and temperature difference. This choice of Rayleigh number can be
justified as follows: when all parameters except a4, d1 are taken to be zero,
the equations should describe convection in ordinary isotropic fluid.
The Rayleigh number for monotonic instability is defined by the following
expression:

Ramon ¼ 2m33ðm11m22 �m12m21Þ
a4d1k2ð�m22 � d2m21Þ

: ð17Þ

The neutral monotonic instability curve Ramon ¼ RamonðkÞ has a non-
removable discontinuity at k ¼ kdðRamon > 0 at k < kd and Ramon < 0
at k > kdÞ. The value kd is defined by condition of zero denominator in
(17):

kd
2 ¼

d2ðc2 � c1Þ þ 2K3 þ 2eaE0
2

� �
m2p2

d2ðc2 þ c1Þ � 2K1
� 0:

In particular, we have kd 	 18:392 for MBBA(1)and kd 	 29:998 for
MBBA(2). The neutral monotonic instability curves Ramon ¼ RamonðkÞ
for MBBA in interval 0.1� k� 35 are shown in Figures 1, 2. The critical
Rayleigh number Ra�

mon (the minimal value of the Rayleigh number
Ra�

mon ¼ Ra�
monðk�ÞÞ and the corresponding wave number k� for the layer

heated from below are (see the curves 1 in Figs. 1, 2):

Ra�
mon 	 2:302; k� 	 2:291; for MBBA(1);

Ra�
mon 	 2:310; k� 	 2:375; for MBBA(2):

The critical Rayleigh number (�Ra�
mon) and the corresponding wave

number k�, for the MBBA layer heated from above are (see the curves 2
in Figs. 1, 2):

286=[2422] M. Yu. Zhukov and V. A. Vladimirov
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Ra�
mon 	 �11917:716; k� 	 22:838; for MBBA(1);

Ra�
mon 	 �184226:127; k� 	 36:939; for MBBA(2):

In Figures 1, 2 the function 1gjRaðkÞj (not the function Ra(k) itself) is
shown. For the layer heated from below Ra > 0 and curve 1gjRaðkÞj is
shown in the upper half-plane. For the layer heated from above Ra < 0
and curve 1gjRaðkÞj is formally presented in the lower half-plane (in order
to avoid irrelevant intersections). Thus monotonic instability in liquid crys-
tals can appear in both cases, whether the layer is heated from below or
from above.

7. OSCILLATORY INSTABILITY

Dependence of the critical temperature gradient T0 0 for oscillatory insta-
bility on the parameters of the problem can be obtained via evaluation of
the determinants of (14) at k ¼ ix, where x is the oscillation frequency.
Let us introduce the notation:

FIGURE 1 Neutral curves for MBBA(1).
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m3 ¼ c1ðm2p2 þ k2Þ > 0; m1 ¼ m1
1T0

0 þm1
0; m0

1T0
0 þm0

0;

m2 ¼� ðc1m11 �m22ðm2p2 þ k2ÞÞ � c1ðm2p2 þ k2Þm33

þ 1

2
ða2 þ a3Þm21ð�m2p2 þ k2Þ; m0

0 ¼ ðm11m22 �m21m22Þm33;

m1
0 ¼�m11m22 þm21m12 �

1

2
ða2 þ a3Þm21m33ð�m2p2 þ k2Þ

¼ ðk1m11 �m22ðm2p2 þ k2ÞÞm33; m1
1 ¼ c1k

2; m0
1 ¼ ðd2m21 þm22Þk2:

The Rayleigh number of oscillatory instability Raosc ¼ RaoscðkÞ and
frequency x are defined by the following expressions:

Raosc ¼
2ðm3m

0
0 �m2m

0
1Þ

a4d1ðm2m
1
1 �m3m

1
0Þ
; T0

0 ¼
1

2
a4d2Raosc; x

2 ¼ ðm1
1T0

0 þm0
1Þ

m3
> 0:

ð18Þ

The neutral oscillatory instability curves Raosc ¼ RaoscðkÞ in the interval
0.1 �k�35 for MBBA are shown in Figures 1, 2 (see the curves 3). The
critical Rayleigh numbers (�Ra�

osc) and the corresponding wave numbers

FIGURE 2 Neutral curves for MBBA(2).
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k� layer heated from above are

Ra�
osc ¼ Raoscðk�Þ; x�

2 ¼x2ðk�Þ :
Ra�

osc 	�597:837; k� 	 2:098; x2
� 	 1:18 � 10�4; for MBBA(1)

Ra�
osc 	�622:463; k� 	 2:085; x2

� 	 1:16 � 10�4; for MBBA(2)

Note that x2 > 0 is valid only if 0< k< k�. It means that the oscillatory in-
stability convection can appear only for 0< k< k�. Note that the value k�

corresponds to the intersection of ‘oscillatory’ curve 3 and ‘monotonic’
curve 2. In this case (known as the ‘intersection of bifurcations’) one can
expect the appearance of complicated secondary convective regimes. Cal-
culations show that k� 	 18:766 for MBBA(1)and k� 	 31:472 for
MBBA(2).

8. CONVECTIVE INSTABILITY OF THE MBBA

Let us choose the layer thickness L� ¼ 0:005m, and the gravity acceler-
ation g� ¼ 10m � s�2. Then the critical temperature gradient corresponding
to the monotonic instability for the heating from below is grad
Tdim ¼ 0:012K (see (16)). The similar value for the oscillatory instability
for the layer heated from above is grad Tdim ¼ �3:16K . As we have already
noted above, the values of critical parameters for MBBA(1) and MBBA (2)
are practically coincide. This surprising fact requires further investigations.
Imposing magnetic or electric fields in the case va > 0; ea > 0 does not
change the qualitative behaviour of the neutral curves presented in Figures
1, 2. The increasing of the field intensity entails only the increasing of the
critical numbers Ra�. In the case when at least one of the parameters va; ea
is negative, a qualitative change of the behaviour of the neutral curves is
possible. In particular, the neutral curves may cross the axis Ra ¼ 0. That
would mean the onset of usual hydrodynamic instability in the absence of
any temperature gradients.
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