This article was downloaded by: [University of California, San Diego]

On: 11 August 2012, At: 10:41

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954
Registered office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH,
UK

Molecular Crystals and Liquid
Crystals

Publication details, including instructions for
authors and subscription information:
http://www.tandfonline.com/loi/gmcl20

ANALYTICAL SOLUTION FOR
THERMAL CONVECTION IN A
LAYER OF LIQUID CRYSTAL
WITH FREE SURFACE

M. Yu. Zhukov ® & V. A. Vladimirov

& University of Hull, UK and Rostov State University,
Russia

b University of Hull, UK

Version of record first published: 07 Jan 2010

To cite this article: M. Yu. Zhukov & V. A. Vladimirov (2004): ANALYTICAL SOLUTION
FOR THERMAL CONVECTION IN A LAYER OF LIQUID CRYSTAL WITH FREE SURFACE,
Molecular Crystals and Liquid Crystals, 413:1, 279-290

To link to this article: http://dx.doi.org/10.1080/15421400490437079

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-
and-conditions

This article may be used for research, teaching, and private study purposes.
Any substantial or systematic reproduction, redistribution, reselling, loan,
sub-licensing, systematic supply, or distribution in any form to anyone is
expressly forbidden.

The publisher does not give any warranty express or implied or make any
representation that the contents will be complete or accurate or up to
date. The accuracy of any instructions, formulae, and drug doses should be



http://www.tandfonline.com/loi/gmcl20
http://dx.doi.org/10.1080/15421400490437079
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [University of California, San Diego] at 10:41 11 August 2012

independently verified with primary sources. The publisher shall not be liable
for any loss, actions, claims, proceedings, demand, or costs or damages
whatsoever or howsoever caused arising directly or indirectly in connection
with or arising out of the use of this material.




Downloaded by [University of California, San Diego] at 10:41 11 August 2012

Taylor & Francis

Copyright © Taylor & Francis Inc. Taylor & Francis Group

ISSN: 1542-1406 print/1563-5287 online
DOI: 10.1080/15421400490437079

Mol. Cryst. Liq. Cryst., Vol. 413, pp. 279/[2415]-290/[2426], 2004 e

ANALYTICAL SOLUTION FOR THERMAL
CONVECTION IN A LAYER OF LIQUID CRYSTAL
WITH FREE SURFACE

M. Yu. Zhukov*
University of Hull, UK and Rostov State University, Russia

V. A. Vliadimarov
Unaversity of Hull, UK

An Oberbeck-Bussinesq type model for convection in isothermically incom-
pressible liquid crystals (mematics and cholesterics) is proposed. For its devi-
vation, the nonequilibrium thermodynamics and asymplolic methods are
employed. The model is based on the Leslie-Evicksen-Parodi (LEP) continuum
theory [1-4] taken with some minor modifications. The problem of the thermal
gravity convection in a plane horizontal layer with free undeformable’ bound-
ary and under the action of external magnetic or electric field is considered.
Solution of this problem is obtained and presented in an explicit analytical
Sform. Existence of the explicit analytical solution is very useful, since it allows
us to investigate the influence of various parameters (Leslie coefficients, Frank
moduli, anisotropic thermo-diffusivity, etc.) at the onset of convection.

Keywords: analytical solution; cholesterics; nematics; thermal convection

Similar problems have been treated numerically (see e.g. [6-8]) for pro-
blems with non-slip boundary conditions. The results have been compared
with experiments (see e.g. [9,10]). However it is very difficult to analyze
the dependence of the numerical solution and critical values of parameters
when more than ten physical parameters (coefficients) are involved. The
‘undeformable free’ boundary condition considered in this paper may look
rather artificial, however in hydrodynamic convection theory they play
important role as they provide the ‘test’ solutions (see e.g. [12] for the
Rayleigh-Benard problem). It is known, that in the Rayleigh-Benard
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problem the qualitative dependence of neutral curves and critical values on
the physical parameters for solid and ‘free undeformable’ boundaries are
similar while the critical Rayleigh number for solid boundary is approxi-
mately three times higher.

1. BASIC EQUATIONS

The Oberbeck-Boussinesq type model of the thermogravitational convec-
tion for incompressible liquid crystal (LC) in dimensionless variables has
the form [11] (the term ‘incompressible’ means that the density of the
medium depends only on the temperature):
da 0
divv=0, —=—4+v-V,n-n=1 1
ai ot 1)
av

1
%:—Vp—f—v-l'[—i—gcurl(nx(h+G))—hxcurln—(h-V)n—i—Tk,

dn

Vl(%—ﬂxn)—vgnx(nx(D.n))+,11VT><n:h+G,

dT
—p HAV{=01VT = dy(n(n - VT) = VT) + N x n+205m x (D)} =0,

1
H:oc4D+oc1(n~D-n)n®n—|—§(oc2+oc3)(N®n+n®N)

+%(0<5+o€6)(“®(D'“)+(D'“)®")

+m® MmxVT)+ (nx VT) ®@n),

h = (n x (Kih° + K3h' + Ksh® + Koh)) x n,

h® = curl(n x (n x curl n)) + (n x curl n) x curl n, h¥ = —2curl n,
h' = —curl(n(n - curl n)) — (n- curl n)curl n, h* = Vdiv n,
o] 1 1
N= d—l; —Qxn Q= écurlv, D= 5{(Vv) +(Vv)'}

Here, v is the velocity, p is the pressure, T is the temperature difference,
n is the director, IT is the symmetric part of stress tensor, related to the
motion of the medium, k is the unit vector along the vertical x5 axis in
the direction opposite to the gravity force, h is the molecular field, D is
the rate of strain tensor, oy,...,04 are scalar Leslie coefficients, y;, 7
are scalar rotational viscosity coefficients, d;, 09 are scalar thermodiffusiv-
ity coefficients, K1, Ky, K3, are scalar Frank moduli, 4, As are pseudoscalar
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coefficients, which characterize the influence of temperature gradients on
the director field and stress tensor, (i,{s are pseudoscalar coefficients,
which characterize the influence of fluid and director motion on the heat
flux, Ky is the pseudoscalar coefficient, which defines the pitch of spiral
structures in cholesterics (Ko = 2nKs/po, where pg is the pitch), G is
the external torque. The torque G for the magnetic and electric fields is
given as

G = z,(n-H)(H—n(n-H)) + &(n- E)(E —n(n - E)), @)

where y,,&, are the magnetic anisotropy and the dielectric anisotropy
(other terms in use are the magnetic susceptibility and the electric suscep-
tibility). We have assumed that there are no electrical charges in the
medium. We have also assumed that the specific volume of the medium
is represented by a linear function of temperature: V(T) = Vo(1 + ST,
where V' = 1/p is the specific volume, p is the density, f is the heat expan-
sion coefficient. Equation (1) have been obtained via a rigorous limit
procedure when § — 0, under the usual assumption that the gravity force
has the order of magnitude of O(1/f). Those equations will be applicable at
least far from the temperature phase transition points.

Let us notice some features of the system (1), (2). We introduced the
‘normalized’ molecular field h, and torque G which satisfy the conditions
h-n=0,G-n=0. They reflect the fact that the molecular field and the ex-
ternal torque can only rotate the director without changing its length. The
director equation is transformed with the use of conditions h-n =0,
G -n=0 and is automatically in agreement with the equality n-n = 1.
The ‘normalized’ form also makes easier general mathematical investiga-
tions. We have regrouped terms in the stress tensor: the terms related to
the nondissipative effects (corresponding to the elastic deformation of the
continuum) are presented explicitly. Notice, that the presence of pseudos-
calar coefficients is typical for cholesterics and allows one to explain the
Lehmann effect. In the case of nematics pseudoscalar coefficients should
be omitted:

Ko=0, 41=0,{;=0, =0, {3=0. (3)

2. FORMULATION OF PROBLEM

Consider the problem of thermal convection for nematics LC in a plane
horizontal layer (—oco < @1,%5 < +00,0 <23 <1). The boundary con-

ditions take the form:
n|x3:071 = k’ T|x3:0T07 T|

z3=1 = Tl? V3|x3:0“,1 = 07 0’1:3|x;;:0,1 = O? (4)



Downloaded by [University of California, San Diego] at 10:41 11 August 2012

282/[2418] M. Yu. Zhukov and V. A. Viadimirov

where TV, T! are given constants, a;s, (i = 1,2) are tangent components of
the stress tensor at the boundaries. The expression for the stress tensor is:

1
Oi = — POk + Iy + é{m(hk + Gi) — (h; + Gi)ny}

- {Konsgslcmainm + K10, divn + Ky (61~cnm - amnlc)ainm
+ (K3 — Ko2)nsnp Ot O }

Accepted conditions mean that the temperature on each boundary is main-
tained constant; the director field is normal to the layer surfaces (homeo-
tropic orientation) and cannot be changed. The last two conditions (4)
correspond to the classical ‘undeformed free’ boundary. We also suppose
that external electric field is perpendicular to the layer (E = Eok). The
magnetic field is omitted for the sake of simplicity and can be recovered
easily. There is an equilibrium solution of the problem (1)—(4):

vV =0,n"=k, To=axs+b, po=po(x3), To=a=T" —T°, b=T"
()
3. LINEARIZED STABILITY PROBLEM
We look for a solution of the problem (1)—(4) in the form
v=v' 4+ ov=0v, n=n"+6n, T="Ty+ 0T, p=po+ p.
where dv, on, 6T, op are linear perturbations of the equilibrium.

The basic equations, linearized at the solution (5) after taking into
account the relation k - on = 0 can be written as:

1 1
—DASV3 = — S g A*5v3 — 0 AgsOvs — 20+ o5) AZovy

2

1 1
+ 5 (Otg + 063)(832 — AQ) (atdiv on + éAéVg) (6)
— %A((Kgagz +K1A0 — SaE()z)diV 5[1) — A05T

. 1 1 )
71 (&dlv on + —A5V3) + =79(Ag — 35%)dvs
2 2 ™)
= (KlA() +K3a32 — SxEoz) div on,

0T + Thovs = (31 — d9)AST + do(Thdiv on + 3307, (8)
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1
20,0Q3 = a4 AOQ3 + 5 (o9 + 03)05(0rcurlzon — 930Q3)

1 1
+ § (065 + 066)832593 — 563{([(3832 + KsAg — SaEOZ)CuI‘lgén} (9)

p0scurlson — (y; — 75)050Qs = (K3832 + Ko Ay — 81E02) curls on, (10)
where Ay = 0,° + 8,° is the two dimensional Laplace operator, 20Q3 =
curlg dv, curls on =K - curl én, 9; = 9/0x;, 9, = 9/0t etc. Notice, that
this system of equations can be represented as two subsystems: the first
one (6)—(8) for unknown functions dvs, divdn, 67, and the second one

(9), (10) describing Qg, curlsdn. Boundary conditions for equations
(6)—-(8) at x3 = 0,23 = 1 are the following:

ovg =0, &%0v3 =0, divon =0, 6T =0. (11)

Boundary conditions for (9), (10) at the same boundaries x3 = 0,23 =1
are:

curlson = 0, 936Q3 =0 (12)

4. NORMAL MODES

We look for solutions of (6)—(12) being periodic in horizontal coordinates
with values of periods 2rn/k;, 27n/ks. This kind of representation in hydro-
dynamic stability is called ‘normal modes’

{v, on, 8T} = {6v(x3), om(x3), 0T (w3)} exp[it +i(kixy + ko2)]  (13)

where ki,ke are the components of the wave vector, A is the time in-
crement, and ov(x3), on(ws), 67T (w3) are the amplitudes of perturbations.
After substitution of (13) into (6)-(12), one can derive the boundary
value problem for correspondent system of ODESs. A solution of that system
automatically satisfying the boundary conditions (11), (12) is

{0vs, divon,oT, 05Qs, curlson} ={w,n, O, y, &} sin(mnxs)
x exp[At + i (k121 + kaxs)]
where m is an integer and w, ®, 5, &, y are some constants. In order to
find those constants one can derive a system of algebraic equations, which
follows from (6)—-(10) after formal substitutions:
&% — —mPn®, 8, — 1, Ao — =K%, A — —(k* + mPn®), k* = k% + ks,

ovg — w, divdén — 5, curlgdn — &, 0Qz — y, 6T — ©O.
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These substitutions give two systems of linear equations:

Muyw + Mign +M30 =0,

Moyw + Magn + M23® = 0, (14)
Ms1w + Msan + M330 = 0.
Ay +A128 =0, Ag1y+ Al =0. (15)

Matrix M;;, can be written as

N 1 o
My = —i(mPn® + k) + myy, Mis = 5(012 + o3)(—mPn® 4 k?) A + mys,

Mg = k?, Myy = ma1, Mog = 714 + mas, Moz =0,
M3y = =T, M3y = 65T, Mss = —A+ mss,

where

mi = (062 + 063)(77@47'54 — ]{4)

=

- <%KX4 —1—2(015 + ac(;)) (m*n® + k2)? — a k>mPn®,
Moy = Ksm®n® + Kik® + e,E0%, mss = —81(m*n” + k?) + Sok%,
Mg = —%yl(mznz +k?) +%(*k2 + mPn?),

Mo = —%(m2n2 + kz)(Kgmznz +Kik® + saEOZ).

Matrix A;; is given as:

Ary =y + (KsmPn® + Kok? + e,E5), A1z = 95 — 71,
1 1
Ao = 75 (062 + O(g)mzﬂiz/l — §m2n2(K3m27r2 +K2]C2 + E“E%),

1
Agy = —oy(m?n® + k%) — 2/ — 5(0‘5 + ot — oy — o) m.

5. SPECTRAL PROBLEM

Dependence of the exponent A on the parameters can be obtained after
evaluation of the determinants for (14), (15). Recall that Re 4 < 0 corre-
sponds to stable solutions, the case ReZ =0, Im 4#0 describes to
oscillatory instability, and Re 4 > 0 gives monotonically unstable solutions.
In order to investigate the sign of A, one should use the inequalities
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Ky >0, Ky >0, K3 > 0 and constraints for kinetic coefficients
1 >0, aq >0, (201 4 3ota + 205 + 206) > 0, (2014 + 05 + 045) > 0,
4y, 2oty + o3 + o) > (o9 + 03 + Vg)z, 01>0, (01 —d2) >0

which follow from the fundamental fact that the entropy source must be
non-negative. One can show, that (in the case y; > 0, ¢,>0), nontrivial
solutions of (15) can exist only when Re 4 < 0. It means that nontrivial
solutions of the problem (9), (10), (12), are always stable and rapidly
decaying. In that case unstable solutions of the full system can exist only
in the case of the trivial solution of the problem (9), (10), (12), i.e. when
curlgén = 0, curlsdév = 0. In other words, for investigations of instability (at
least when g, > 0) it is sufficient to solve only problem (14).

In the next two sections we present and analyse the neutral curves for
monotonic and oscillatory instabilities. Particular values of physical para-
meters are taken for the MBBA. Unfortunately there are still at least two
different sets of parameters for MBBA in literature (see Table I). The first
column of the Table I corresponds to the data from [5,13—-15] (we denote it
as MBBA(1)), the second one presents the data of [16-19] (called
MBBA(2)). One can see that although in average those sets are rather close
to each other, there are significant differences in values of such parameters
as Ky, Kas, K3, o1, as. All neutral curves presented below correspond to
the special case of zero electric field. It is very surprising that calculations
show that critical parameters for the onset of convection are the same,
despite of the fact that neutral curves are different.

TABLE 1 Physical Parameters of MBBA

MBBA (1) MBBA (2)
p, kg-m™ 1.022 - 107 1.022 - 10°
B, K 1.000-1073 1.000- 1073
K -pt,mt.s2 5.30-1071° 6.66 - 1071
Ky -p~t,mt.s2 2.20-1071° 4.20-1071°
Ky-p~t, mt-s2 74510715 8.61-1071°
o -pt,m? 57! 6.5-10°6 —18.1-107°6
ag - p L, m2 s —775-1076 —110.4-107%
ag-p~t,m? st -12-1076 —1.1-107%
ag-p L, m2 s 83.2-10°6 82.6-10°°
a5 - p~t,m? sl 46.3 1076 77.9-1076
ag - pt, m2 s —34.4-1076 —33.6-10°°
yy, m? s 76.3-1077 109.3 - 1077
P, m2 571 —78.7-1077 —1115-1077
8y, m? 57! 1.54-107°7 1.54-1077
8y, m? - s7! 0.61-1077 0.61-1077
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6. MONOTONIC INSTABILITY

Dependence of critical temperature gradient 77, for monotonic instability
on the parameters of the problem can be obtained via evaluation of deter-
minant for (14) at A = 0.

Usually, in convection theory, the Rayleigh number (not the temperature
gradient) is in use. Let us introduce the following Rayleigh number (see
e.g.[10])

2B} o5t

Ra = gradTgim, =

gd1

2B A 18
where f, a4, 01, B,, o, 6] are the dimensionless and dimensional
coefficients of heat expansion, viscosity and thermodiffusivity; g., L.,
grad Tqim are the dimensional value of the gravity acceleration, layer thick-
ness, and temperature difference. This choice of Rayleigh number can be
justified as follows: when all parameters except oy, 0; are taken to be zero,
the equations should describe convection in ordinary isotropic fluid.
The Rayleigh number for monotonic instability is defined by the following
expression:

2mss(Mmi1mas — Mi1zMa1)
a401k% (—mgg — domay)

Rayon = (17)
The neutral monotonic instability curve Rayon = R@mon(k) has a non-
removable discontinuity at k = kq(Ramon > 0 at k < kg and Raye, < 0
at k > kq4). The value k, is defined by condition of zero denominator in

an:

o (0a(ys — 71) + 2Ks + 26,E0*)mPn®

kg® = > 0.

02(y9 +71) — 2K3 -

In particular, we have k; ~ 18.392 for MBBA(1)and k, =~ 29.998 for
MBBA(2). The neutral monotonic instability curves Ramon = Rmon (k)
for MBBA in interval 0.1 <k <35 are shown in Figures 1, 2. The critical
Rayleigh number Ra;,, (the minimal value of the Rayleigh number

Ra},.., = Ra’, . (k.)) and the corresponding wave number k. for the layer

heated from below are (see the curves 1 in Figs. 1, 2):
Ra*pon =~ 2.302, k, ~2.291, for MBBA(1),
Ra* pon =~ 2.310, k, ~2.375, for MBBA(2).

The critical Rayleigh number (—Ra; ) and the corresponding wave
number k,, for the MBBA layer heated from above are (see the curves 2

in Figs. 1, 2):
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IgIRal
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osc. instability k- . .
: mon. instability
-6 ka k
5 10 15 20 25 30 35

FIGURE 1 Neutral curves for MBBA(1).

Ra pyon ~ —11917.716, k, ~ 22.838, for MBBA(1),
Ra* ypon ~ —184226.127, k. ~ 36.939, for MBBA(2).

In Figures 1, 2 the function 1g|Ra(k)| (not the function Ra(k) itself) is
shown. For the layer heated from below Ra > 0 and curve 1g|Ra(k)| is
shown in the upper half-plane. For the layer heated from above Ra < 0
and curve 1g|Ra(k)| is formally presented in the lower half-plane (in order
to avoid irrelevant intersections). Thus monotonic instability in liquid crys-
tals can appear in both cases, whether the layer is heated from below or
from above.

7. OSCILLATORY INSTABILITY

Dependence of the critical temperature gradient 7”_0 for oscillatory insta-
bility on the parameters of the problem can be obtained via evaluation of
the determinants of (14) at A = iw, where w is the oscillation frequency.
Let us introduce the notation:
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Ig|Ral

4 mon. instability

stability

-2 stability stability

osc. instability . e
mon. instability

5 10 15 20 25 30 35

FIGURE 2 Neutral curves for MBBA(2).

my =y (m*n® + k%) > 0, my =m ' Th +my", mo' T} + mq’,
My = — (y1m11 — mZz(’i’}’LZEz —|—/€2)) - yl(mznz + k2)7’}?,33

1
+ 5 (o2 + 063)7)@21(—”%2%2 + kz), my° = (Mm11mes — Ma1 Moz )Mss,

0_ 1 2.2 4 g2
my = =M1 Mag +M21M12 —é(az + oz)moimss(—m " + k)

= (limi1 —moa(MP1® + k%)) mas, mi' =y1k2, mo' = (damar + mag k>

The Rayleigh number of oscillatory instability Ra,s = Raes.(k) and
frequency w are defined by the following expressions:

1 1T/ 0
| T = 5%02Ra0s, o = W >0.

2(mgmg —mam?)

1

Raoso =
1
0401(Mmam; —msmy)

(18)

The neutral oscillatory instability curves Raos; = Raosc(k) in the interval
0.1 <k <35 for MBBA are shown in Figures 1, 2 (see the curves 3). The

critical Rayleigh numbers (—Fa} ) and the corresponding wave numbers
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k. layer heated from above are

Ra*,sc = Rapse (k), 0.’ = w? (ky)
Ra* s =~ —597.837, k, ~2.098, w®~1.18-107*, for MBBA(1)
Ra* p5e ~ —622.463, k, ~2.085, o> ~1.16-107*, for MBBA(2)

Note that w? > 0 is valid only if 0 < k¥ < k™. It means that the oscillatory in-
stability convection can appear only for 0 < k¥ < k. Note that the value k~
corresponds to the intersection of ‘oscillatory’ curve 3 and ‘monotonic’
curve 2. In this case (known as the ‘intersection of bifurcations”) one can
expect the appearance of complicated secondary convective regimes. Cal-
culations show that k= ~18.766 for MBBA(1)and k™~ ~31.472 for
MBBA(2).

8. CONVECTIVE INSTABILITY OF THE MBBA

Let us choose the layer thickness L, = 0.005m, and the gravity acceler-
ation g, = 10m2 - s~2. Then the critical temperature gradient corresponding
to the monotonic instability for the heating from below is grad
Tam = 0.012K (see (16)). The similar value for the oscillatory instability
for the layer heated from above is grad Tgim = —3.16 K. As we have already
noted above, the values of critical parameters for MBBA(1) and MBBA (2)
are practically coincide. This surprising fact requires further investigations.
Imposing magnetic or electric fields in the case y, > 0,&, > 0 does not
change the qualitative behaviour of the neutral curves presented in Figures
1, 2. The increasing of the field intensity entails only the increasing of the
critical numbers Ra*. In the case when at least one of the parameters y,, ¢,
is negative, a qualitative change of the behaviour of the neutral curves is
possible. In particular, the neutral curves may cross the axis Ra = 0. That
would mean the onset of usual hydrodynamic instability in the absence of
any temperature gradients.
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